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Generalized Boundary Integral Equation for Transient
Heat Conduction in Heterogeneous Media

Eduardo Divo* and Alain Kassab†
University of Central Florida, Orlando, Florida 32816-2450

Using the generalized boundary integral method developed by the authors for steady heat conduction
in heterogeneous media as a point of departure, a generalized dual reciprocity boundary element method
(BEM) is presented for the solution of transient heat conduction problems in heterogeneous media. In
the process, new interpolating radial basis functions are de� ned. This method retains the boundary-only
discretization feature of the BEM. Two- and three-dimensional numerical examples provide validation of
the proposed method. Excellent agreement is found between analytical and BEM-computed results.

Nomenclature
A = ampli� cation factor
c = speci� c heat
D = generalized forcing function
E = generalized fundamental solution
fk(x) = dual reciprocity expansion function, f
G i, j, H i, j = in� uence coef� cients
k = thermal conductivity
n̂ = outward-drawn normal
pk(x) = normal derivative of the dual reciprocity

expansion function u
q = heat � ux
q j = negative of conductive heat � ux, (k­T /­n)j
r = radial direction both in polar and spherical

geometries
rk = radial distance from kth dual reciprocity

expansion point
r, u = polar coordinate system
r, u, f = spherical coordinate system
T = temperature
t = time
uk = dual reciprocity expansion function, u
x = generalized coordinate
xi = x location of the source point
x, y, z = coordinates of Cartesian system
yi = y location of the source point
ak = expansion coef� cient
G = domain boundary
d = Dirac delta function
u = polar angle (polar geometry), azimuthal angle

(spherical geometry)
ut, uq = Newmark parameters
j = location of source point
r = density
f = zenith angle in spherical geometry
V = domain of the problem
= = gradient operator

Introduction

M ODERN industrial materials, for instance, functionally
gradient materials,1 exhibit thermophysical property het-
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erogeneities that can be tailored by careful design of their mi-
crostructure1,2 to meet ever-increasing demands of emerging
technologies such as the single-stage-to-orbit plane, ceramic
engines, and the advanced turbine system initiative. Heat con-
duction analysis in heterogeneous media has found renewed
importance in engineering practice. However, the governing
equation for heat conduction in heterogeneous media is a var-
iable coef� cient partial differential equation (PDE). The very
nature of this equation often precludes analytical solution even
in simple geometries. Consequently, traditional numerical tech-
niques such as the � nite difference method, � nite volume
method, or � nite element method have been successfully ap-
plied to obtain numerical solutions. Another powerful numer-
ical technique that has been used to solve heat conduction
problems is the integral equation-based boundary element
method (BEM) detailed in Brebbia et al.3 and Banerjee.4

One of the distinct features of the BEM is that, for many
� eld problems of engineering, a boundary integral equation
(BIE) is discretized to solve the � eld problem of interest. Con-
sequently, only the bounding surface(s) of the domain is dis-
cretized. However, in certain cases, such as nonlinear heat con-
duction and elastostatics, the BEM leads to domain integrals
that detracts from the boundary-only feature of the method.
Generally, a BEM formulation of heat conduction in hetero-
geneous media also leads to domain integrals. However, in
certain cases, such as layered media, the conductivity can be
taken as constant in certain zones of the medium. A common
approach taken to address this type of heterogeneous medium
is to subdivide the domain into multizones, for each of which
the material property is taken to be constant.5– 7 In this ap-
proach, boundary integrals are written for each zone and these
are coupled by enforcing interfacial continuity of temperature
and heat � ux. This leads to banded block matrix equations for
which ef� cient solvers have been specially tailored.8 Another
approach, taken by Lafe and Cheng,9 to solve potential prob-
lems in inhomogeneous media is to use the free-space Green’s
function for the Laplace equation and recast the governing
equation into a Poisson equation with a spatially varying forc-
ing term and, subsequently, develop a perturbation method
capitalizing on small differences between the homogeneous
and heterogeneous case to eliminate the domain integral. A
boundary-only formulation for certain heat conduction prob-
lems with limited one-dimensional functional variations in
thermal conductivity variation was also developed.10–12 A new
free-space Green’s function has been discovered for potential
problems in two- and three-dimensional heterogeneous media
that are, however, restricted to one-dimensional linear varia-
tions with position.

In this paper, we present a general technique for the devel-
opment of a BIE for steady and transient heat conduction in
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Fig. 1 Plot of dipole-like Dd component of D in proximity of j.

heterogeneous media. Our approach is based on the de� nition
of a new singular generalized nonsymmetric forcing function,
whose sampling properties are tailored to permit the devel-
opment of a generalized BIE for the governing variable co-
ef� cient PDE. This integral equation provides an expression
for the temperature in terms of contour integrals only. First,
the steady-state integral equation developed by Kassab and
Divo16,17 for heat conduction in heterogeneous media is pre-
sented. Recent extension of the approach to steady-state for-
mulation for heterogeneous anisotropic media can be found in
Divo and Kassab,18,19 where detailed derivations and a collec-
tion of examples can be found. Using this as a point of de-
parture, a dual reciprocity transient BEM is then derived for
the diffusion equation. In the process, new radial interpolating
basis functions are de� ned for heterogeneous media.20 Numer-
ical implementation is discussed. Quadratic isoparametric el-
ements are used in two dimensions, and bilinear isoparametric
elements are used in three dimensions. Numerical examples
are provided to validate the proposed theoretical developments.
Several arbitrary spatial variations of thermal conductivity are
considered. Numerical results are compared to analytical so-
lutions.

Development of Generalized BIE for Steady-State
Heat Conduction in Heterogeneous Media

To develop a transient boundary integral formulation for
heat conduction in heterogeneous media it is necessary to
brie� y review the generalized BIE recently developed by the
authors for steady-state heat conduction in heterogeneous me-
dia. The governing equation for steady-state heat conduction
in isotropic heterogeneous media is

= ? [k(x)=T(x)] = 0 (1)

where k(x) is the spatially varying thermal conductivity, and
T(x) is the temperature. The preceding variable coef� cient PDE
is now converted to an integral equation. Following standard
integral equation methods, a function E(x, j) is introduced and
integrated into the product of the governing equation and E(x,
j) over the domain V of the problem

{E(x, j )= ? [k(x)=T(x)]} dV = 0 (2)E
V

The domain V can be one-, two-, or three-dimensional. Using
Green’s � rst identity twice, the following integral equation is
derived:

­T ­E
E(x, j)k(x) (n) 2 T(x)k(x) (x, j ) dG(x)R F G­n ­nG

1 {T(x)= ? [k(x)=E(x, j)]} dV = 0 (3)E
V

Here, the domain boundary is denoted by G. The dimension
of G is dictated by the dimension of V. The solution E to the
adjoint operator perturbed by a singular forcing function D
acting at the source point j is de� ned by

= ? [k(x)=E(x, j)] = 2D(x, j ) (4)

For those problems in which the thermal conductivity does
not vary with position, D(x, j) is traditionally taken as the
Dirac delta function. In this case, the solution of Eq. (4) in an
in� nite domain is readily derived as the well-known funda-
mental (or Green’s free-space) solution to the steady-state dif-
fusion equation, 2(1/2pk)<n(r). However, the fundamental so-
lution for arbitrary heterogeneous heat conduction cannot be

obtained because the traditional attempts at solving the prob-
lem relied on the Dirac delta function as a forcing function in
Eq. (4). Because the Dirac delta function is symmetric about
its source point j and the adjoint equation is a variable coef-
� cient PDE, the fundamental solution must be nonsymmetric.

To overcome this dif� culty, Kassab and Divo16,17 introduced
a generalized forcing function, D(x, j ), which obeys the fol-
lowing properties:

= ? [k(x)=E(x, j )] = 2D(x, j ) (5a)

D(x, j) dV(x) = 1 (5b)E
V ,c

T(x)D(x, j ) dV(x) = T(j )A(j) 1 «(j ) (5c)E
V

A(j ) = D(x, j) dV(x) (5d)E
V

In Eq. (5), the domain V ,c is a circular domain centered about
the point j, whereas the domain V is arbitrary in shape. By
constructing such a set of relations, we will generate a forcing
function D. It will be shown later that D is a singular nonsym-
metric forcing function at the source point j, which is actually
composed of the sum of a Dirac delta function d and a non-
symmetric dipole-like function Dd. The sampling properties of
D are analogous but markedly different from those of the Dirac
delta function as evidenced by Eq. (5). It is noted that in early
papers by Divo and Kassab,16– 19 only the Dd portion of the D
function was plotted and reported, and that the «(j ) term as
given in Eq. (5c) was neglected (Fig. 1). Divo and Kassab21

discuss and incorporate both of these revisions. The conse-
quences of the preceding de� nitions for D permit us to seek a
locally symmetric solution, E(x, j), to the adjoint equation and,
thus, derive a BIE. We refer to A(j) as the ampli� cation factor.
Introducing Eq. (5a) into (5d) and applying the Gauss diver-
gence theorem, A(j ) is evaluated by a contour integral as

­E
A(j ) = 2 k(x) (x) dG(x) (6)R F G­nG

The ampli� cation factor explicitly depends on the solution
of the adjoint equation E and the thermal conductivity. Further,
it is noted that if the thermal conductivity is constant, the am-
pli� cation factor reduces to the well-known results of A = 1
for any interior point and A = 1/2 for any point on a smooth
boundary.
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Finally, invoking the sampling property of D, and upon sub-
stitution into Eq. (3), the desired BIE for the temperature is
obtained as

­T
A(j)T(j ) 1 «(j ) = E(x, j )k(x) (x) dG(x)R F G­nG

­E
2 T(x)k(x) (x, j) dG(x) (7)R F G­nG

The ampli� cation factor A(j) must be evaluated at all points
where the temperature is sought, whether on the boundary G
or the interior of the � nite domain V. This integral equation
can readily be solved by standard BEM techniques once the
function E(x, j ) is determined. The details of the derivation of
the generalized fundamental solution can be found in Kassab
and Divo16– 19 and will now be brie� y reviewed for two-di-
mensional problems. It is convenient to consider polar coor-
dinates in seeking the fundamental solution. In a polar coor-
dinate system r 2 u centered about the given location of the
source point j = (xi, yi), the adjoint equation becomes

1 ­ ­E 1 ­ ­E
rk(r, u, x , y ) 1 k(r, u, x, y ) = 2D(j, x)i i iF G F G2r ­r ­r r ­u ­u

(8)

The thermal conductivity k depends explicitly on the loca-
tion of the source point because of the local polar coordinate
system used in this derivation. If we seek a solution to Eq. (8)
that is locally symmetric, that is, E = E(r, xi, yi), then the
generalized singular forcing function D must be nonsymmetric,
i.e., D(r, u, xi, yi). In this case, the adjoint equation reduces to

1 ­ ­E(r, x , y )i i
rk(r, u, x , y ) = 2D(r, u, x , y ) (9)i i i iF Gr ­r ­r

To solve Eq. (9), Eq. (5) is used and a � rst integration leads
to16

­E g(r, x , y )i i(r, x , y ) = (10)i i
­r r

A second integration leads to the form of the generalized
fundamental solution, E(r, xi, yi), as

g(r, x , y )i i
E(r, x , y ) = dr (11)i i E r

To � x the value of g(r, xi, yi), we integrate Eq. (5a) over a
circular domain V ,c centered about the source point j = (xi, yi)

= ? [k(r, u, x , y )=E(r, x , y )] dV = 2 D(x, j) dVi i i i ,c ,cE E
V ,c V ,c

(12)

The right-hand side (RHS) integral is unity according to
property (5b) of D, and applying the Gauss divergence theo-
rem to the left-hand side results in

2p

­E
rk(r, u, x , y ) (r, x , y ) du = 21 (13)i i i iE F G­r0

Substituting from Eq. (10) for the term in the square bracket,
we arrive at

2p

[g(r, x , y )k(r, u, x , y )] du = 21 (14)i i i iE
0

or, we now have the desired result for the function g(r) as

21
g(r, x , y ) = (15)i i 2p

k(r, u, x , y ) dui iE
0

and the expression for the generalized fundamental solution
E(r, xi, yi) is then

dr
E(r, x , y ) = 2 (16)i i 2pE

r k(r, u, x , y ) dui iE
0

This expression can now be used for arbitrary spatial vari-
ations of the thermal conductivity. The generalized fundamen-
tal solution is locally symmetric about the source point (xi, yi),
but varies from point to point in the domain as the source point
is moved. In the case of constant thermal conductivity Eq. (16)
yields the familiar result for the two-dimensional Laplace
equation, E(r) = 2(1/2pk)<n r. The normal derivative of the
fundamental solution is readily evaluated as

­E ­E 2nr
= n = (17)r 2p

­n ­r
r k(r, u, x , y ) dui iE

0

Here, nr is the radial component of the outward drawn unit
normal vector. Again, it is noted that the 21/2pkr behavior of
the normal derivative of the free-space solution for the case of
constant k is retrieved. For the three-dimensional case, the ad-
joint equation is recast using a spherical coordinate system
centered about the source point (xi, yi, zi), and again seeking a
locally symmetric fundamental solution we arrive at

dr
E(r, x , y , z ) = 2i i i 2p pE

2r k(r, u, f, x , y , z )sin u du dfi i iE E
0 0

(18)

Again, the well-known three-dimensional fundamental so-
lution for the heat conduction equation in homogeneous media,
1/4prk, is retrieved from Eq. (18). The preceding generalized
fundamental solutions can readily be derived once the thermal
conductivity is speci� ed. For instance, given a bilinear two-
dimensional variation of the thermal conductivity, k(x, y) = a
1 bx 1 cy 1 dxy, the generalized fundamental solution is
readily derived as E(r, xi, yi) = 2<n(r)/[2p(a 1 bxi 1 cyi 1
dxiyi)]. It is noted that the formation of the generalized fun-
damental solution proposed in this paper requires nearly the
same effort in comparison to the formation of traditional fun-
damental solutions for constant property differential equations
as long as the inde� nite integral in Eqs. (16) and (18) can be
evaluated analytically.

A close examination of D(x, j) reveals that it is actually
composed of two parts: 1) A Dirac delta function d and 2) a
nonsymmetric dipole-like function Dd. To demonstrate this
consider the speci� c case of a two-dimensional k(x) taken as

k(x, y) = xy (19)

In this case the generalized fundamental solution E(x, j) is
obtained as

E(x, j) = 2(1/2px y )<n(r) (20)i i
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Introducing Eq. (20) in the adjoint equation, D(x, j ) is de-
rived as

1 ­ (r cos u 1 x )(r sin u 1 y )i iD(x, j) = (21)F Gr ­r 2px yi i

or carrying out the differentiation there results

y cos u 1 2r cos u sin u 1 x sin ui i
D(x, j ) = F G2prx yi i

1 ­ ­
1 r (<n r) (22)H F GJ2pr ­r ­r

The � rst term in Eq. (22) is the nonsymmetric dipole-like
term hereon referred to as Dd(x, j ), and the second term is the
cylindrical polar form of the Dirac delta function d(x, j ).23 The
forcing function D(x, j) is actually expressed in general as

D(x, j) = D (x, j ) 1 d(x, j) (23)d

It is readily veri� ed that the normalizing property in Eq.
(5b) is satis� ed. Integrating D(x, j ) in Eq. (22) over a circle
centered at j , it is clear that the integral of Dd(x, j ) over the
area of the circle vanishes and that the integral of the Dirac
delta component over the circle contributes one, thus validat-
ing the normalizing property. With this fact established, the
exactness of the sampling property of D(x, j ) in Eq. (5c) can
now be veri� ed

T(x)D(x, j) dV(x)E
V

= [T(x) 6 T(j )]D(x, j ) dV(x)E
V

= T(j) D(x, j ) dV(x)E
V

1 [T(x) 2 T(j)]D(x, j ) dV(x)E
V

= T(j)A(j ) 1 «(j) (24)

where A(j ) is evaluated using the contour integrals given in
Eq. (6). In light of the fact that D(x, j ) = Dd(x, j ) 1 d(x, j ),
the area integral becomes

«(j ) = [T(x) 2 T(j )]D (x, j) dV(x) (25)dE
V

which establishes the exactness of Eq. (5c). The «(j ) term
often has a negligible contribution; however, it cannot be for-
mally neglected. Equation (25) provides a measure of the error
if «(j) is neglected. However, it is evident that «(j) involves
an area integral, which is an undesirable feature.

Divo and Kassab21,22 developed a method to estimate the
term «(j ) using an expression containing only boundary inte-
grals. The integrand in Eq. (25) is composed of the product of
Dd(x, j ), which is known exactly once the thermal conductivity
is speci� ed for the problem. For example, as in Eq. (22) as
discussed earlier, and [T(x) 2 T(j )] that depends on the so-
lution. Denoting the integrand at any source point zi by

ih (x) = [T(x) 2 T(j )]D (x, j ) (26)i d i

this term is well-behaved as [T(x) 2 T(j)] goes to zero and
Dd(x, j) becomes odd singular as j is approached, and the

product of these two vanishes in this limit. Therefore, we can
expand hi(x) in a series

N

i ih (x) = a f (x) (27)j jO
j=1

To reduce the area integral to a contour integral, a new ex-
pansion is proposed in terms of functions fj(x), each satisfying
fj(x) = = ?uj(x). Here, we take the expansion functions fj(x) to
be the 1 1 r radial basis functions proposed by Powell20 and
used widely in the dual reciprocity boundary element method
(DRBEM).24 Here, r is the radial distance between the expan-
sion point xj and the � eld point x. In two dimensions, for in-
stance, the antidivergence of 1 1 r leads to the following ex-
pression for uj(x):

1 2 1– –u (x) = [ r (x, x ) 1 r(x, x )]e (28)j 3 j 2 j r

where er is the unit vector in the radial direction, referenced
to a local polar coordinate system � xed at xj. Introducing Eqs.
(26 – 28) into Eq. (25), then with the use of the Gauss diver-
gence theorem, we can express «(ji) in terms of contour in-
tegrals as

N

i«(j ) = a u (x)? n̂(x) dG(x) (29)i j jO FR G
j=1 G

The contour integrals are evaluated using the same discreti-
zation employed for the BEM. To determine the coef� cients

, we collocate the expansion in Eq. (27) at (xk), k = 1, 2 . . .ia j

N, points (in all our numerical examples we only use the BEM
boundary points for this purpose), and in a procedure similar
to DRBEM we obtain

N

i ih (x ) = a f (x ) (30)k j j kO
j=1

and solve the vector ai as

i 2 1 ia = F h (31)

where F is an interpolating matrix and hi is a vector whose
elements are composed of hi(xk). Equation (7) can now be ex-
pressed purely in terms of contour integrals and can be dis-
cretized following a standard BEM procedure to lead to the
following set of equations:

N N

ˆA(j )T(j ) 1 «(j ) 1 H T = G q , i = 1, 2 . . . Ni i i ij j ij jO O
j=1 j=1

(32)

where, for convenience, q j is de� ned as (k­T /­n)j (thus, q is
the negative of the conductive heat � ux). Equation (32) sym-
bolically leads to

N N

iH T 1 « = G q (33)ij j ij jO O
j=1 j=1

where the components of the in� uence matrix [H] are Hij = Ĥ ij

1 dijA(ji). The in� uence coef� cients are evaluated numerically
by Gauss-type quadratures. Once the boundary conditions are
introduced, we retrieve the algebraic form

[A]{x} = {b} 2 {«(T )} (34)

The vector can be directly absorbed into the linear{«(T )}
system without resorting to iteration by taking advantage of
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the fact that the error terms «(ji) have a linear relationship
with respect to the temperature � eld {T}. Departing from Eq.
(29) we may express

N

i«(j ) = a v (35)i j jO
j=1

where the components of the vector vj are the closed-contour
integral of the antidivergence expansion functions uj(x) dotted
into the outward-drawn unit normal n̂(x), which are indepen-
dent of the resulting temperature � eld because of the geome-
try-only dependence of the integrand. Substituting Eq. (31) for
the coef� cients a i into Eq. (35) leads to

i t i« = w h (36)

where the transposed vector wt = vtF2 1 and, as previously de-
� ned, the components of the vector hi are the integrand of the
expression for the error term «(zi) evaluated at the location xk

for each collocation point j i, that is,

i i ih = (T 2 T )D (37)k k dk

Introducing Eq. (37) into Eq. (36), the error «i at every col-
location point j i is obtained as

N

i i i« = w (T 2 T )D (38)k k dO k
k=1

Finally, Eq. (33) is rearranged as

N N N

i iH T 1 w (T 2 T )D = G q (39)ij j k k d ij jO O Ok
j=1 k=1 j=1

or in compact form

N N

H̃ T = G q (40)ij j ij jO O
j=1 j=1

where the modi� ed in� uence coef� cients are de� ned asH̃ij

N

i i˜ ˜H = H 2 w D , H = H 1 w D (41)ii ii k d ij ij j dO k j
k=1
k i¹

which leads to the standard algebraic form, [A]{x} = {b}, upon
introduction of the boundary conditions.

This completes the presentation of the generalized BIE for
steady-state heat conduction in heterogeneous media. Using
the preceding developments as a point of departure, a gener-
alized dual reciprocity boundary element formulation is now
developed for transient heat conduction in heterogeneous me-
dia.

Generalized DRBEM for Transient Heat
Conduction in Heterogeneous Media

In the BEM transient problems can be solved by developing
a transient fundamental solution and a corresponding transient
BIE by using Laplace transforms to convert the transient prob-
lem to a boundary value problem in Laplace space, or by using
the steady-state fundamental solution and the dual reciprocity
method.24 In this paper we adopt the latter method and gen-
eralize it to address transient heat conduction in heterogeneous
media. The governing equation of interest is

­T
= ? [k(x)=T(x, t)] = rc (42)

­t

In the dual reciprocity method, the RHS of Eq. (42) is ex-
panded in series as

N1L
­T

rc = a = ? [k(x)=u ] (43)k kO­t k=1

where N is the number of boundary nodes, L is the number of
internal dual reciprocity points, and uk are functions to be de-
� ned in the following text. Substitution of Eq. (43) into Eq.
(42) leads to

N1L

= ? [k(x)=T(x, t)] = a = ? [k(x)=u ] (44)k kO
k=1

Multiplying both sides by E and integrating over the domain
of interest

N1 L

E(x, j)= ?[k(x)=T(x)] dV = a E(x, j)= ? [k(x)=u ] dVk kE O E
k=1V V

(45)

Applying Green’s � rst identity twice in both sides of Eq.
(45)

A(j )T(j) 1 «(j ) 1 [q(x)E(x, j) 2 F(x, j )T(x)] dGR
G

N1L

= a {A(j)u (j ) 1 « (j)k k uO
k=1

1 [ p (x)E(x, j) 2 F(x, j)u (x)] dG} (46)k kR
G

where

q(x) = 2[k(x)=T(x)] ? n̂

p (x) = 2[k(x)=u (x)] ? n̂ (47)k k

F(x, j) = 2[k(x)=E(x, j )] ? n̂

Here, n̂ is the outward-drawn normal to the boundary G. After
discretization into N boundary elements Eq. (46) can be ex-
pressed in matrix form as

N1 L

˜ ˜Gq 2 HT = a {Gp 2 Hu } (48)k k kO
k=1

where is the modi� ed in� uence coef� cient matrix de� nedH̃
in Eq. (41). From Eq. (43), the vector ak can be expressed as

N1 L
­T

rc = a f (49)k kO­t k=1

where the expansion functions satisfy

f = = ? [k(x)=u ] (50)k k

Collocating Eq. (49) at the N 1 L dual reciprocity expansion
points, leads to

­T
rc = Fa (51)S D­t



DIVO AND KASSAB 369

Fig. 2 Geometry and BEM discretization of a thrust-vector-con-
trol vane.

Fig. 4 Exact isotherms distribution.

Fig. 3 BEM computed isotherms.

or

­T
21a = rcF (52)S D­t

Equation (52) into Eq. (48) leads to

­T
H̃T 2 Gq = C (53)S D­t

where

21˜C = 2rc(GP 2 HU )F (54)

Here C is a capacitance matrix, and the matrices U and P are
obtained by evaluating the expansion functions uk and its nor-
mal derivatives pk at every dual reciprocity point, respectively.
Applying a � rst-order � nite difference in time

p1 1 pT 2 T
H̃T 2 Gq = C (55)S DDt

where p is the time-stepping parameter. Using Newmark pa-
rameters ut and uq to position the temperature vector T and the
� ux vector q between the time steps p and p 1 1, Eq. (55)
becomes

p11 p11 p˜ ˜(Dtu H 2 C )T 2 (Dtu G)q = [Dt(u 2 1)H 2 C ]Tt q t

p1 Dt(1 2 u )Gq (56)q

where the RHS of Eq. (56) is known from the previous time
step. The solution of Eq. (56) follows standard boundary ele-
ment treatment for the computation of the in� uence coef� cient
matrices and the imposition of boundary conditions.

Finally, uk must be selected to satisfy the expressions derived
earlier [Eq. (50)]. For the numerical implementation of the
method, the most ef� cient and most commonly used form for
the functions uk are based on radial distances,20 in particular,
for the three-dimensional case

2r rk k
u = 1 1 (57)k S D6 2

where rk is the radial distance from every � eld point to the kth
dual reciprocity point. Furthermore, the expressions for the
functions pk and fk become

2r rk k
p (x) = 2 k(x)= 1 1 ? n̂k H F S DGJ6 2

(58)
2r rk k

f (x) = = ? k(x)= 1 1k H F S DGJ6 2

It is noted that the new radial basis expansion functions used
in this paper, as given in Eq. (58), retrieve the standard ex-
pansion functions in the case of constant conductivity.24 In par-
ticular, in the case of constant thermal conductivity, Eq. (58)
reduces to

f (x) = k(r 1 1) (59)k k

where fk is now the standard (1 1 r) type radial basis func-
tion.20 Numerical examples are presented next to validate the
preceding developments.
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Fig. 6 Comparison of the time evolution of the BEM and exact solutions at the center point (0.5, 0.5, 0.5).

Fig. 5 Percent relative error distribution.

Numerical Examples
An extensive set of two-dimensional veri� cation examples

of the generalized boundary integral solution for steady-state
heat conduction in heterogeneous media can be found in Kas-
sab and Divo.16– 19 In this paper a steady-state, three-dimen-
sional problem is presented to demonstrate the accuracy of the
generalized BIE. A thrust-vector-control vane model is consid-
ered and discretized using 226 bilinear isoparametric boundary
elements as shown in Fig. 2. The thermal conductivity is cho-
sen to vary trilinearly as

k(x, y, z) = (2x 1 y 1 z 1 20) (60)

The following can be taken as an exact solution temperature
distribution and can be used to impose boundary conditions
on the vane geometry:

2 2 2T(x, y, z) = 100 1 0.01(5x 2 5y 1 z 2 9xy 2 15xz

1 26yz 2 20x 1 5y 2 5z) (61)

It can be readily veri� ed by substitution of the preceding tem-

perature distribution into Eq. (1) the thermal conductivity in
Eq. (60) that the governing heat conduction equation is iden-
tically satis� ed. Thus, using Eq. (61), � rst-kind boundary con-
ditions are imposed on the vane, and the temperature distri-
bution is computed using the generalized BIE, Eq. (7). Exact
and BEM-computed isotherms are provided in Figs. 3 and 4.
Examination of the relative percent error distribution at the
mid-plane of the vane (Fig. 5), reveals a maximum error of
approximately 0.34%. This validates our three-dimensional
BEM code and further validates the generalized BIE for het-
erogeneous heat conduction [Eq. (7)].

Next, the transient formulation is to be tested. In all cases
we use fully implicit formulation ut = uq = 1. First, a unit cube
is considered. It is discretized with 24 equally spaced bilinear
boundary elements and nine internal dual reciprocity points.
The initial temperature is set to a value of 100, and third-kind
boundary conditions are imposed on every surface with a � lm
coef� cient of one and a convective temperature of zero. The
problem is solved in a homogeneous medium (k = 1) to obtain
an exact solution. The density r and speci� c heat c are set to
one. Nine internal dual reciprocity points are used to obtain
the BEM approximation. A comparison of the BEM and exact
solutions at the center point of the cube as a function of time
is provided in Fig. 6. It can be observed that the evolution
of the two solutions in time follows the same trend with a
maximum deviation of less then 3.97% between the two solu-
tions.

Now that the transient formulation has been tested, a prob-
lem can be solved in a heterogeneous media, and veri� ed
against an asymptotic solution. Assume that the same geometry
and discretization is used to solve for the temperature distri-
bution in a medium with a spatially varying thermal conduc-
tivity, taken as

2k(x, y, z) = (10 1 x 1 2y 1 3z) (62)

The following asymptotic solution can be derived and used
to impose the boundary conditions and to verify the BEM so-
lution at large time

44x 1 50y 1 66z
T(x, y, z) = 1 100 (63)

10 1 x 1 2y 1 3z

Figure 7 provides a plot of the evolution of the BEM so-
lution at the center point of the cube departing from an initial
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Fig. 7 Time evolution of the BEM solution at the center point (0.5, 0.5, 0.5).

Table 1 BEM, exact solution, and relative percent error
at the nine dual reciprocity points for large time

x y z Tbem Texa Error %

0.25 0.25 0.25 103.504 103.478 0.025
0.75 0.25 0.25 105.185 105.167 0.018
0.75 0.75 0.25 106.712 106.692 0.018
0.25 0.75 0.25 105.215 105.200 0.014
0.25 0.75 0.75 107.024 107.000 0.022
0.75 0.75 0.75 108.314 108.276 0.036
0.75 0.25 0.75 107.060 107.037 0.022
0.25 0.25 0.75 105.631 105.615 0.014
0.50 0.50 0.50 106.205 106.154 0.048

Fig. 8 BEM temperature distribution from t = 0 – 2.5.

temperature of 100. The asymptotic values (at a very long
time) of the computed BEM and exact temperatures, along
with their relative percent error, are provided in Table 1 for
the nine internal dual reciprocity points. Examination of the
values in Table 1 reveal an excellent approximation of the
asymptotic solution by the BEM transient formulation with a
maximum error of 0.048%.

The � nal example is a two-dimensional transient problem in
a NACA 0020 airfoil with a � ctitious elliptic cooling duct (Fig.
8). An analytical solution is constructed to verify the transient
BEM predictions. The temperature distribution is assumed to
be

x 1 y 1 1 1
T(x, y, t) = tan exp t 1 100 (64)S D S D2 rc

A spatially dependent thermal conductivity is then derived
as

x 1 y 1 1
<n secF S DG2

k(x, y) = 2 (65)
x 1 y 1 12sec S D2

to satisfy the governing diffusion equation [Eq. (42)]. The tem-
perature distribution in Eq. (64) is in turn used to impose the
initial condition, � rst-kind boundary condition along the outer
surface of the airfoil, and second-kind boundary condition on
the surface of the cooling duct. An analytical solution is then
available for comparison with numerical predictions.

To obtain a closed-form expression for the generalized fun-
damental solution in Eq. (16), the thermal conductivity distri-
bution is approximated by a least-squares � t of a complete bi-
quadratic polynomial as

k (x 1 y) = 0.19728 1 0.38372x 1 0.33572ya

2 22 0.22115x 2 0.31538xy 2 0.14844y (66)

Twenty quadratic boundary elements are used to discretize
the outer boundary and another 20 are used for the inner
boundary. Forty internal dual reciprocity points are employed
in this example. The density and heat capacity are both set to
one. Plots of the BEM-computed solution for t = 0, 0.5, 1.0,
1.5, 2.0, and 2.5 are shown in Fig. 8. The exact temperature
distribution according to Eq. (64) for the same six time steps
is provided in Fig. 9, while the relative error percent distri-
bution between the exact and the BEM solutions is provided
in the set of plots of Fig. 10 for the same six time steps.
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Fig. 9 Exact temperature distribution from t = 0 – 2.5.

Fig. 10 Relative error percent distribution from t = 0– 2.5.

Excellent agreement between the two solutions is shown as the
error distribution exhibits a maximum value of less than
0.06%. This completes the veri� cation for the dual reciprocity
extension of the generalized BIE developed to solve transient
heat conduction in heterogeneous media.

Conclusions
Using the generalized boundary integral method developed

by the authors for steady heat conduction in heterogeneous
media as a point of departure, a generalized dual reciprocity
BEM is presented for the solution of transient heat conduction
problems in heterogeneous media. In the process, new inter-
polating radial basis functions are de� ned. This method retains
the boundary-only discretization feature of the BEM. Two- and
three-dimensional numerical examples provided validation of
the proposed method. The authors are currently researching an

extension of the formulation for heat conduction in nonhomo-
geneous media to a direct time-dependent approach.
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